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Time-varying GARCH-M models are commonly used in econometrics and �nancial
economics. Yet the recursive nature of the conditional variance makes exact likelihood
analysis of these models computationally infeasible. In this paper we outline the issues
and suggest to use a Markov chain Monte Carlo algorithm studied in Fiorentini, Sentana
and Sephard (2004) which allows the calculation of a classical estimator via the simulated
EM algorithm or a simulated Bayesian solution in only O(T ) computational operations,
where T is the sample size.
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1. INTRODUCTION

Time series data, emerging from diverse �elds appear to possess time varying
second conditional moments. Furthermore, theoritical results seem to postulate
quite oftenly, speci�c relationships between the second and �rst conditional mo-
ment. For instance, in the stock market context, the �rst conditional moment of
stock market excess returns, given some information set, is a possibly time-varying,
linear function of volatility (see eg. Merton, 1980;Glosten et al., 1993). These have
led to modi�cations and extensions of the initial ARCH model of Engle (1982) and
it�s generalization by Bollerlsev (1986), giving rise to a plethora of dynamic het-
eroscedasticity models. These models have been employed extensively to capture
the time variation in the conditional variance of economic series, in general, and of
�nancial time series, in particular (see Bollerslev et al., 1992 for a survey). Although
the vast majority of the research in conditional heteroscedasticity is being processed
aiming the stylized facts of �nancial stock returns and of economic time series in
general, Arvanitis and Demos (2000), have shown that a family of time varying
GARCH-M models can in fact be consistent with the sample characteristics of time
series describing the temporal evolution of velocity changes of turbulent �uid and
gas molecules. Despite the fact that the latter statistical characterisics match in a
considerable degree their �nancial analogues (for example leptokurtosis, volatility
clustering and quasi long range dependence in the squares are common), there are
also signi�cant di¤erences in the behaviour of the before mentioned physical sys-
tems as opposed to �nancial markets (examples are the anticorrelation e¤ect and
symmetry of velocity changes in contrast to zero autocorrelation and the leverage
e¤ect of �nancial returns) (see Barndorf -Nielsen and Shephard, 2000; as well as
Mantegna and Stanley, 1996 and 2000). It was shown that the above mentioned
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family of models can even create anticorrelation in the means as far as an AR(1)
time varying parameter is introduced.
The analysis of a time-varying GARCH-M model becomes substantially com-

plicated since the log-likelihood of the observed variables can no longer be written
in closed form. The main modern way of carrying out likelihood inference in such
situations is via a Markov chain Monte Carlo (MCMC) algorithm (see Chib, 2001
for an extensive review). This simulation procedure can be used either to carry out
Bayesian inference or to classically estimate the parameters by means of a simulated
EM algorithm. Unfortunately, the non-Markovian nature of the GARCH process
implies that each time we simulate one error we implicitly change all future condi-
tional variances. As pointed out by Shephard (1996), a regrettable consequence of
this path-dependence in volatility is that standard MCMC algorithms will evolve in
O
�
T 2
�
compuational load (see Giakoumatos,Dellaportas and Politis, 1999). Since

this cost has to be borne for each parameter value, such procedures are generally
infeasible for large �nancial datasets that we see in practice.
It is clear that from an econometric viewpoint it is important to study how to

e¢ ciently estimate models with partially unobserved GARCH processes. In this
context, our main contribution is to show how to use the method proposed in
Fiorentini, Sentana and Shephard (2004) to achieve MCMC likelihood based esti-
mation of a time-varying GARCH-M model by means of feasible O (T ) algorithms.
The crucial idea is to transform the GARCH model in a �rst order Markov model.
We prefer to use a GQARCH speci�cation for the conditional variance (Engle,1990;
and Sentana, 1992) since it encompasses all the existing restricted quadratic vari-
ance functions (eg. Augmented ARCH model of Bera and Lee, 1990), its properties
are very similar to those of GARCH models (eg, stationarity conditions), but avoids
some of their criticisms (eg. very easy to generalize to multivariate models). More-
over, many theories in �nance involve an explicit trade-o¤ between the risk and the
expected returns. For that matter, we use an in mean model which is ideally suited
to handling such questions in a time series context where the conditional variance
may be time varying. However, a number of studies question the existence of a
positive mean/variance ratio directly challenging the mean/variance paradigm. In
Glosten, Jagannathan and Runkle (1989) when they explicitly include the nominal
risk free rate in the conditioning information set they obtain a negative ARCH-M
parameter. For the above, we allow the conditional variance to a¤ect the mean
with a possibly time varying coe¢ cient which we assume for simplicity that follows
a normal distribution and is independent of the error term. Thus, our model is a
Time-Varying GQARCH-M model.
The structure of the paper is as follows. In Section 2 we outline our model. In

Section 3 we review both classical and Bayesian likelihood approaches to inference
for the time-varying GQARCH-M model. We show that in both cases the key task
is to be able to produce simulators from f�tg ='; frtg ;F0 and that the estimation
problem arises from the fact that we have two unobserved processes. Section 4
exploits the fact that the method proposed by Fiorentini, Sentana and Shephard
(2004) is needed to avoid the huge computational load. An illustrative empirical ap-
plication for weekly returns from three major stock markets is presented in Section
5. We conclude in Section 6.
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2. THE MODEL

The model is a Time-Varying GQARCH(1,1)-M model as described in Chou,
Engle and Kane (1992).

rt = �tht + "t (1)

ht = ! + � ("t�1 � 
)2 + �ht�1 (2)

�
"t
�t

�
jFt�1 � iidN

��
0
�1

�
;

�
ht 0
0 �

��
(3)

"t = zth
1=2
t

ztjFt�1 � iidN (0; 1)

where frtgTt=1 are the observed returns, T is the sample size, f�tgTt=1 is an
unobserved process independent of f"tgTt=1 which follows a normal distribution
according to 3 and fhtgTt=1 is the conditional variance which is supposed to follow
a QGARCH(1,1). It is obvious that �t is the market price of risk (see e.g. Merton,
1980;Glosten at al., 1993). Ft�1 is a sequence of natural �litrations generated by the
past values of f"tg and frtgat least up to a �nite-dimenstional vector of unknown
parameters '

3. LIKELIHOOD-INFERENCE: EM AND BAYESIAN APPROACHES

The purpose of the paper is the estimation of a Time-Varying GQARCH-M
model. Since our model involves two unobserved components (one from the time-
varying in mean parameter which we assume to follow a normal distribution and one
from the error term) the estimation method required is an EM and more speci�cally
a simulated EM (SEM) because of the fact that the expectation terms at the E-step
cannot be computed. The main way of carrying out likelihood inference in such
situations is via a Markov chain Monte Carlo (MCMC) algortihm.
The idea behind the MCMC methods is that in order to sample a given proba-

bility distribution, that is referred to as the target distribution, a suitable Markov
chain is constructed (using a Metropolis-Hasting (M-H) algorithm or a Gibbs-
sampling method) with the property that its limiting, invariant distribution is the
target distribution. In most problems, the target distribution is absolutely continu-
ous and as a result the theory of MCMC methods is based on that of Markov chains
on continuous state spaces (Mey and Tweedie, 1993).This means that by simulat-
ing the Markov chain a large number of times and recording its values a sample
of (correlated) draws from the target distribution can be obtained. It should be
noted that Markov chain samplers are invariant by constructionn and therefore the
existence of the invariant distribution does not have to be checked in any particular
application of MCMC method.
The Metropolis-Hasting algorithm (M-H) is a general MCMC method to pro-

duce sample variates from a given multivariate distribution. It is based on a candi-
date generating density that is used to supply a proposal value that is accepted with
probability given as the ratio of the target density times the ratio of the proposal
density. There are a number of choices of the proposal density (eg random walk
M-H chain, independence M-H chain, tailored M-H chain) and the components may
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be revised either in one block or in several blocks. Another MCMC method, which
is special case of the multiple block M-H method with acceptance rate always equal
to one, is called the Gibbs sampling method and was brought into statistical promi-
nence by Gelfand and Smith (1990). In this algorithm the parameters are grouped
into blocks and each block is sampled according to the full conditional distribu-

tion denoted as �
�
't='=t

�
. By Bayes�theorem we have �

�
't='=t

�
_ �

�
't'=t

�
,

the joint distribution of all blocks and so full conditional distributions are usually
quite simply derived. One cycle of the Gibbs sampling algorithm is completed by
simulating f'tg

p
t=1, where p is the number of blocks, from the full conditional distri-

butions, recursively updating the conditioning variables as one moves through each
distribution. Under some general conditions, it is veri�ed that the Markov chain
generated by the M-H or the Gibbs sampling algorithm converges to the target
denisty as the number of iterations becomes large.
Within the Bayesian framework MCMC methods have proved very popular

and the posterior distribution of the parameters is the target density. Another
application of the MCMC is the analysis of hidden Markov models where the ap-
proach relies on augmenting the parameter space to inlcude the unobserved states
and simulate the target distribution via the conditional distributions. Kim, Shep-
hard and Chib (1998) discuss a MCMC algorithm of the Stochastic Volatility (SV)
model which is an example of a state space model in which the state variable ht
(log-volatility) appears non-linearly in the observation equation. The idea is to
approximate the model by a conditionally Gaussian state space model with the
introduction of multinomial random variables that follow a seven-point discrete
distribution.

3.1. Simulated EM algorithm

As mentioned above the estimation problem is that we cannot write down the
likelikood function in closed form since we do not observe both "t and �t. More
speci�cally the conditional log-likelihood function of our model assuming that �t
were observed would be the following:

` (r; �j';F0) = ln p (rj�; ';F0) + ln p (�';F0) = (4)

= �T
2
ln 2� � 1

2

TX
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1

2
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ht
� T

2
ln 2�
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2
ln�� 1

2
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�

= �T ln 2� � 1
2

TX
t=1

lnht �
1

2

TX
t=1

("t)
2

ht
� T

2
ln�� 1

2

TX
t=1

(�t � �1)2

�

However, since the �0ts are unobserved we rely on an EM algorithm (Dempster,
Laird and Rudin ,1977) to obtain estimates as close to the optimum as desired. At
each iteration the EM algorithm obtains '(n+1) ,where ' is the parameter vector,
by maximizing the expectation of the log-likelihood conditional on the data and
the current parameter values ie E

�
` (:) =r; '(n);F0

�
with respect to ' keeping '(n)

�xed. The expectation of the complete log-likelihood is:
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!
It is obvious that we cannot compute such quantities. For that matter, we may

rely on a simulated EM where the expectation terms are replaced by averages over
simulations and so we will have a SEM or a simulated score. The SEM log-likelihood
is:

SEM` = �T ln 2� � T
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Hence, we need the following quantities:
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where M is the number of simulations.
Thus, the basic problem is to sample from hj'; r;F0 where ' is the vector

of the unknown parameters and also sample from �j'; r;F0 where r = (r1; ::; rt).
However, for a given set of pararameter values and initial conditions it is generally
simpler to simulate f"tg for t = 1; :::; T and then compute f�tgTt=1 than to simulate
f�tgTt=1 directly. For that matter, we concentrate on simulators of "t given r and
'. We set the mean and the variance of "0 equal to their unconditional values and
given that ht is a su¢ cient statistic for Ft�1and the unconditional variance is a
deterministic function of ', F0 can be eliminated from the information set without
any information loss.
Now sampling from:

p ("jr; ') / p (rj"; ') p ("j')

is feasible by using a M-H algorithm where we update each time only one "t leav-
ing all the other unchanged (Shephard, 1996). In particular, let us write the rth
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iteration of a Markov chain as "r. Then we generate a potential new value of the

Markov chain "new by proposing from some candidate density g
�
"tj"rnt; r; '

�
where

"rnt =
�
"r+11 ; :::; "r+1t�1 ; "

r
t+1; ::; "

r
T

	
which we accept with probability:

min

241; p
�
"newt j"rnt; r; '

�
g
�
"newt j"rnt; r; '

�
p
�
"rt j"rnt; r; '

�
g
�
"rt j"rnt; r; '

�
35

If it is accepted then we set "r+1t = "newt and otherwise we keep "r+1t = "rt .
Although the proposal is much better since it is only in a single dimension, each
time we consider modifying a single error we have to compute:

p
�
"newt j"rnt; r; '

�
p
�
"rt j"rnt; r; '

� =
p
�
rtj"newt ; hnew;tt ; '

�
p
�
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�
p
�
rtjhr;tt ; '

�
p
�
rtjhnew;tt ; '

�
p
�
rtj"rt ; h

r;t
t ; '

�
p
�
"newt jhr;tt ; '

�
�
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s=t+1

p (rsj"rs; hnew;ts ; ') p ("rsjhnew;ts ; ') p (rsjhr;ts ; ')
p
�
rsjhnew;ts ; '

�
p
�
rsj"rs; h

r;t
s ; '

�
p
�
"rsjh

r;t
s ; '

�
=

p
�
rtj"newt ; hnew;tt ; '

�
p
�
"newt jhnew;tt ; '

�
p
�
rtj"rt ; h

r;t
t ; '

�
p
�
"newt jhr;tt ; '

�
�

TY
s=t+1

p (rsj"rs; hnew;ts ; ') p ("rsjhnew;ts ; ')

p
�
rsj"rs; h

r;t
s ; '

�
p
�
"rsjh

r;t
s ; '

�
where for s = t+ 1; ::; T

hnew;ts = V
�
"sj"rs�1; "rs�2; ::; "rt+1; "newt ; "r+1t�1 ; ::; "

r+1
1

�
hr;ts = V

�
"sj"rs�1; "rs�2; ::; "rt+1; "rt ; "r+1t�1 ; ::; "

r+1
1

�
while

hnew;tt = hr;tt

Nevertheless, each time we revise one "t we have also to revise T � t conditional
variances because of the recursive nature of the GARCH model which makes hnew;ts

depend upon "newt for s = t + 1; ::; T . And since t = 1; ::; T it is obvious that we
need to calculate T 2 normal densities and so this algorithm is O

�
T 2
�
. And this

should be done for every ': To avoid this huge computational load we show how
to use the method proposed by Fiorentini, Sentana and Shephard (2004) and so do
MCMC with only O (T ) calculations.

3.2. Simulation-Based Bayesian Inference

The task of simulating from f�tg j frtg ; 'also appears in the Bayesian analysis
of the model. In particular we recall that in our problem the key issue is that
the likelihood function of the sample p (rj';F0) is intractable which precludes the
direct analysis of the posterior density p ('jr;F0). This problem may be overcome
by focusing instead on the posterior density of the model using Bayes�rule:
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p ('; �=r) _ p ('; �) p (r='; �) _ p (') p (�=') p (r='; �)

where
' = (�1; �; �; �; 
; !)

0 (11)

� = (�1; �2; :::; �T )
0

r = (r1; r2; ::::; rT )
0

Assuming independent priors we have:

p (') = p (�1) p (�) p (�) p (�) p (
) p (!)

Also

p (�=') =
TY
t=1

p (�t= f�t�1g ; �1; �) =
TY
t=1

1p
2��

exp

 
� (�t � �1)

2

2�

!

and p (r='; �) is the full information likelihood

p (r='; �) =
TY
t=1

p (rt= frt�1g ; �1; �2; :::; �t; ') =
TY
t=1

1p
2�ht

exp

�
� "2t
2ht

�
Once we have posterior density function we get marginal posterior density func-

tion of parameters by integrating the posterior density function. MCMC is one
way of numerical integration. Cli¤ord-Hammersley theorem says that a joint dis-
tribution can be characterized by its complete conditional distribution. Given ini-

tial values f�tg(0) ; '(0)we draw f�tg(1) from p
�
f�tg(1) =r; '(0)

�
and then '(1) from

p
�
'(1)= f�tg(1) ; r

�
. Iterating these steps we �nally get

�
f�tg(i) ; '(i)

�M
i=1

and under

mild conditions it is shown that the distribution of the sequence converges to the
joint posterior distribution p ('; �=r) :.
The above may be carried out in some blocks. Divide parameters into two

categories:
'1 = (�1; �) (12)

'2 = (�; �; 
; !) (13)

(1)Initialize '
(2)Draw from p (�t=� 6=t; r; ')
(3)Draw from p ('�; r) in the following blocks:

(i)Draw from p ('1=�; r) using Gibbs sampling. This is update in one block.
(ii)Draw from p ('2=r) by M-H. This is updated in a second block.

(4)Go to (2)
We review the implementation of each step.
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3.2.1. Gibbs-sampling

We have that �t � N (�1; �). For reasons that will be become clear as we
proceed, it is convenient to work in terms of � , the reciprocal of the variance
(known as the precision parameter).
Following Poirier(1995) we assume that the joint prior for '1 = [�1; � ]

0 is the
normal Gamma distribution denoted by '1 � NG

�
�; q; s�2; v

�
with density:

fNG
�
'1=�; q; s

�2; v
�
= �

�
�1=�; �

�1q
�


�
�=s�2; v

�
(14)

/
�
�1=2 exp

�
�1
2
�q�1

�
�1 � �

�2���
�1=2(v�2) exp

�
�1
2
�vs2

��
/ �1=2(v�1) exp

�
�1
2
�
n
vs2 + q�1

�
�1 � �

�2o�
where � 2 <; q; s2; v are known positive constants. The normal density represents
the prior conditional density of �1 given � and the gamma density represents the
prior marginal density of � with mean E (�) = s�2 and variance V ar (�) = 2s�4

v .
Using change-of-variable techniques it is seen that the distribution of � � ��1 is
the inverted gamma distribution with E (�) = vs2= (v � 2) if v > 2. The prior
marginal distribution of �1 is the t

�
�; s2q; ; v

�
with mean E (�1) = � if v > 1 and

variance V ar (�1) = vs4q2= (v � 2) if v > 2 (see for example Poirier, 1995).
Then it is known that the posterior density corresponds to the kernel of a

NG
�
�; q; s�2; v

�
where:

q �
�
q�1 + T

��1
� � q

�
q�1�+ T�

�
v � v + T

s2 � v�1
h
vs2 + vs2 + q�1qT

�
� � �

�2i
v � T � 1

s2 � v�1
TX
t=1

�
�t � �

�2
Because both the prior and the posterior are proportional to normal-gamma

densities, the prior density is the natural conjugate prior when drawing a random
sample from normal population with uknown mean and variance. Posterior mo-
ments for �1; � can be obtained from prior moments simply by replacing �; q; s�2; v
with �; q; s�2; v.

3.2.2. Metropolis-Hasting

Step(3)(ii) is the task of simulating from the posterior of the parameters of
a GQARCH-M process. This has been already adressed by Kim, Shephard and
Chib(1998), Bauwens and Lubrano(1998), Nakatsuma(2000), Ardia (2008) and oth-
ers.
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For the parameters �; �; 
; ! we use Normal densities as priors:

p (�) � N (��;��) I�

p (�) � N
�
�� ; �

2
�

�
I�

p (
) � N
�
�
 ; �

2



�
where � =(!; �)0 ; I�; I� are the indicators ensuring the constraints � > 0 and

� > 0 respectively. �:; �
2
: are the hyperparameters.

We form the joint prior by assuming prior independence between �; �; 
 ie:

p (�; �; 
) = N (��;��) I� �N
�
�� ; �

2
�

�
I� �N

�
�
 ; �

2



�
The joint posterior is then obtained by combining the joint prior and likelihood

function by Bayes�rule:

p (�; �; 
; =Y ) /
TY
t=1

1p
2�ht

exp

�
� "2t
2ht

�
�N (��;��) I��N

�
�� ; �

2
�

�
I��N

�
�
 ; �
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�
(15)

For the M-H algorithm we use the following approximated GARCH model as in
Nakatsuma (2000) which is derived by the well known property of GARCH models
(Bollerslev, 1986):

wt = "2t � ! � � ("t�1 � 
)
2
+ �wt�1 � �"2t�1 (16)

Then the corresponding approximated likelihood is written as:

p
�
"2=r; �; '2

�
=

TY
t=1

1

2ht
p
�
exp

�
� w2t
4h2t

�
(17)

The generation of �; �; 
 is based on the above likelihood where we update fhtg
each time after the corresponding parameters are updated

Generation of � We �rst note that wt in 12 can be written as a linear function
of �:

wt = "2t � �t� (18)

where �t =
he�t;b"2t i with

"2t = e"2t � �e"2t�1e"2t = "2t + �e"2t�1b"2t = ("t�1 � 
)2 + �b"2t�1e�t = 1 + �e�t�1
Let

Y� =
�
"21; :::; "

2
T

�0
X� =

h
�
0

1; ::; �
0

T

i0
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Then the likelihood function of the approximated model is rewritted as:

p
�
"2=r; �; '2

�
=

TY
t=1

1p
2� (2h2t )

exp

"
�
�
"2t � �t�

�2
2 (2h2t )

#
(19)

And so using this we have the following proposal distribution of �:

�=Y;X;�; '2�� � N
�b��; b��� I� (20)

where b�� = b�� �X 0
��

�1Y� +�
�1
� ��

�
; b�� = �X 0

��
�1X� +�

�1
�

��1
and � =

diag
�
2h21; :::; 2h

2
T

�
. I� imposes the restriction that � > 0

Hence a candidate e� is sampled from this proposal density and accepted with
probability:

min

�
p (e�; �; 
; =�; r) q (��=e�; �; 
; �; r)
p (��; �; 
=�; r) q (e�=��; �; 
; �; r) ; 1

�
Generation of � Following Nakatsuma (2000) we linearize wt by the �rst-order

Taylor expansion
wt (�) � wt (�

�) + �t (�
�) (� � ��) (21)

where �t is the �rst-order derivative of wt (�) evaluated at �
� the previous draw

of the M-H sampler.
De�ne as

rt = wt (�
�) + gt (�

�)��

where gt (�
�) = ��t (��) which is computed by the recursion:

gt = "2t�1 � wt�1 + ��gt�1

�t = 0 for t � 0 (Ardia 2008). Then:

wt (�) � rt � gt (�)�

Let

Y� = [r1; :::; rT ]
0

X� = [g1; ::::; gT ]
0

The likelihood function of the approximated model is rewritted as:

p
�
"2=r; �; '2

�
=

TY
t=1

1p
2� (2h2t )

exp

"
�fwt (�

�) + �t (�
�) (� � ��)g2

2 (2h2t )

#
(22)

then we have the following proposal distribution for �

�=Y;X; �2� ; '2�� � N
�b�� ; b�2�� I� (23)

where b�� = b�2� �X 0

��
�1Y� +

��
�2�

�
; b�2� = �X 0

��
�1X� +

1
�2�

��1
and � = diag

�
2h41; :::; 2h

4
T

�
.

I� imposes the restriction that � > 0

10



Hence a candidate e� is sampled from this proposal density and accepted with
probability:

min

8<:p
�e�; �; 
; �; '1=r� q ���=e�; �; 
; �; '1; r�

p (��; �; 
; �; '1=r) q
�e�=��; �; 
; �; '1; r� ; 1

9=;
Generation of 
 As with � we linearize wt by a �rst-order Taylor expansion

at a point 
� the previous draw in the M-H sampler. In this case

rt = wt (

�)� gt (
�) 
� (24)

where gt (
�) = ��t (
�) which is computed by the recursion:

gt = �2� ("t�1 � 
�)� �gt�1

and gt = 0 for t � 0:
Then:

wt (
) � rt � gt

Let

Y
 = [r1; :::; rT ]
0

X
 = [g1; ::::; gT ]
0

The likelihood function of the approximated model is rewritted as:

p
�
"2=r; �; '2

�
=

TY
t=1

1p
2� (2h2t )

exp

"
�fwt (


�)� gt (
�) 
�g2

2 (2h2t )

#
(25)

then we have the following proposal distribution for 



=Y;X; �2
 ; '2�
 � N
�b�
 ; b�2
� (26)

where b�
 = b�2
 �X 0


�
�1Y
 +

�

�2


�
; b�2
 = �X 0


�
�1X
 +

1
�2


��1
and � = diag

�
2h41; :::; 2h

4
T

�
Hence a candidate e
 is sampled from this proposal density and accepted with

probability:

min

�
p (e
; �; �; �;�1=Y ) q (
�=e
; �; �; �; '1; r)
p (
�; �; �; �; '1=Y ) q (e
=
�; �; �; �; '1; r) ; 1

�
The algorithm described above is a special case of a MCMC algorithm, which

converges as it iterates, to draws from the required density p ('; �=r). Posterior
moments and marginal densities can be estimated (simulation consistently) by av-
eraging the releveant function of interest over the sample variates. The posterior
mean of ' is simply estimated by the sample mean of the simulated ' values. These
estimated can be made arbitrarily accurate by increasing the simulation sample size.
However, it should be remembered that sample variates from a MCMC algorithm
are a high dimensional (correlated) sample from the target density and sometimes
the serial correlation can be quite high for badly behaved algortihms.
All that remains therefore is Step (ii).Thus, from the above it is seen that

whether we follow a classical or a Bayesian approach to estimation, the main task
is to simulate from �='; r;F0:

11



4. MCMC SIMULATION OF �=';R;F0

The method proposed by Fiorentini, Sentana and Shephard (2004) is to trans-
from the GARCH model into a �rst order Markov model and so do MCMC with
only O (T ) calculations.
Following their transformation we augment the state vector with the variables

ht+1 and then sample the joint Markov process fht+1; stg jr; ' 2 Ft where

st = sign ("t � 
) (27)

so that st = �1 with probability one. The mapping is one-to-one and has no
singularities. More speci�cally if we know fht+1g and ' then we know the value of

("t � 
)2 =
ht+1 � ! � �ht

�
8t � 1

Hence the additional knowledge of the signs of ("t � 
) would reveal the
entire path of f"tg so long as h0 (which equals the unconditional value in our
case) is known and thus we may now reveal also the unobserved random variable
f�tg =r; '; fht+1g :

Now we have to sample from:

p (fst; ht+1g =r; ') _
TY
t=1

p (st=ht+1; ht; ') p (ht+1=ht; ') p (rt=st; ht; ht+1; ') (28)

where the second and the third term come from the model and the �rst comes from
the fact that "t=Ft�1 � N (0; ht) but "t= fht+1g ;Ft�1 takes values:

ht+1 = ! + � ("t � 
)2 + �ht )

("t � 
)2 =
ht+1 � ! � �ht

�
)

"t = 
 �
r
ht+1 � ! � �ht

�

"t = 
 � dt
where

dt =

r
ht+1 � ! � �ht

�
(29)

From the above it is seen that we should �rst simulatefht+1g =r; ' since we
do not alter the volatility process when we �ip from st = �1 to st = 1 (implying
that the signs do not cause the volatility process) but we do alter "t and then
simulate fstg = fht+1g ; r; '. The second step is a Gibbs sampling scheme whose
acceptance rate is always one and also conditional on fht+1g ; r; ' the elements of
fstg are independent which further simpli�es the calculations.

12



4.1. Simulations of fstg = fht+1g ; r; '

First, we see how to sample from fstg = fht+1g ; r; ': To obtain the required
conditionally Bernoulli distribution we establish �rst some notation. We have the
following:

ct =
1

p
vtjrt;ht

"
'

 

 + dt � "tjrt;htp

vtjrt;ht

!
+ '

 

 � dt � "tjrt;htp

vtjrt;ht

!#
(30)

where

"tjrt;ht = E ("tjrt; ht) =
rt � �1ht
�ht + 1

; vtjrt;ht = V ar ("tjrt; ht) =
�h2t

(�ht + 1)
(31)

Using the above notation we see that the probability of drawing st = 1 condi-
tional on fht+1g is equal to the probability of drawing "t = 
 + dt conditional on
ht+1; ht; rt; ', where dt is given by 29, which is given by:

p (st = s1= fht+1g ; r; ') = p ("t = 
 + dt=ht+1; ht; rt; ') =

=
'
�

+dt�"t=rr;htp

vt=rt;ht

�
'
�

+dt�"t=rr;htp

vt=rt;ht

�
+ '

�

�dt�"t=rr;htp

vt=rt;ht

� =
=

1

ct
p
vt=rt;ht

'

 

 + dt � "t=rr;htp

vt=rt;ht

!

Similarly for the probability of drawing st = �1. Both these quantities are easy
to compute eg.

'

 

 + dt � "t=rr;htp

vt=rt;ht

!
=

1p
2�
exp

8<:�
 

 + dt � "t=rr;htp

vt=rt;ht

!29=;
and so we may simulate fstg = fht+1g ; r; ' using a Gibbs sampling scheme. More
speci�cally, since conditional on fht+1g ; r; ' the elements of fstg are independent
we actually draw from the marginal distribution and the acceptance rate for this
algorithm is always one.
The Gibbs sampling algorithm for drawing fstg = fht+1g ; r; ' may be described

as below:
(1)Specify an initial value s(0) =

�
s
(0)
1 ; :::; s

(0)
T

�
(2)Repeat for r=1,...M

(a) Repeat for t=0,..,T-1

(i)Draw s(r) = 1 with probability 1
ct
p
vt=rt;ht

'
�

+dt�"t=rr;htp

vt=rt;ht

�
and s(r) = �1

with probability 1� 1
ct
p
vt=rt;ht

'
�

+dt�"t=rr;htp

vt=rt;ht

�
(3)Return the values

�
s(1); :::; s(M)

	
4.2. Simulations of fht+1g =r; ' (single move samplers)

On the other hand, the �rst step involves simulating from fht+1g =r; '. To
avoid large dependence in the chain we use a M-H algortihm where we simu-
late one ht+1 at a time leaving the others unchanged (Shephard (1996) and Wei
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(2002)). So if
�
ht+1

�r
is the current value of the rth iteration of a Markov chain

then we draw a candidate value of the Markov chain h
new

t+1 by proposing it from

a candidate density (proposal density) g
�
ht+1= (h)

r
=t+1 ; r; '

�
where (h)r=t+1 =�

hr+11 ; hr+12 ; ::; hr+1t ; hrt+2; ::; h
r
T+1

	
. We set (ht+1)

r+1
= (ht+1)

new with acceptance
probability

min

241; p
�
h new
t+1 = (h)

r
=t+1 ; r; '

�
g
�
h r
t+1= (h)

r
=t+1 ; r; '

�
p
�
h r
t+1= (h)

r
=t+1 r; '

�
g
�
h

new

t+1 = (h)
r
=t+1 ; r; '

�
35

where we have used the fact that:

p (h=r; ') = p
�
(h)=t =r; '

�
p
�
ht= (h)=t ; r; '

�
However, we may simplify further the acceptance rate. More speci�cally, we

have that:

p
�
ht+1= (h)=t+1 ; r; '

�
_ p (ht+2=ht+1; ') p (ht+1=ht; ')

p (rt+1=ht+2; ht+1; ') p (rt=ht+1; ht; ')

Now, since the following should hold:

ht+1 = ! + � ("t � 
)2 + �ht )
ht+1 � ! + �ht

and similarly

ht+2 � ! + �ht+1 )
ht+1 � ��1 (ht+2 � !)

we have that the support of the conditional distribution of ht+1 given ht is
bounded from below by ! + �ht and the same applies to the distribution of ht+2
given ht+1(lower limit corresponds to dt = 0 and the upper limit to dt+1 = 0).
This means that the range of values of ht+1 compatible with ht and ht+2 in the
GQARCH case is bounded from above and below ie:

ht+1�
�
! + �ht; �

�1 (ht+2 � !)
�

(32)

From the above we understand that it makes sense to make the proposal to obey
the support of the density and so it is seen that we can simplify the acceptance rate
by setting:

g
�
ht+1= (h)=t+1 ; r; '

�
= p (ht+1=ht; ')

appropriately truncated from above (since the truncation from below will au-
tomatically be satis�ed). But the above proposal density ignores the information
contained in rt+1 and so according to Fiorentini, Sentana and Shephard (2004) we
can achieve a substantially higher acceptance rate if we propose from:

g
�
ht+1= (h)=t+1 ; r; '

�
= p (ht+1=rt; ht; ')

14



An numerically e¢ cient way to simulate ht+1 from p (ht+1=rt; ht; ') is to sam-
ple an underlying Gaussian random variable doubly truncated by using an inverse
transform method. More speci�cally, we may draw

"t=rt; ht; ' � N

�
rt � �1ht
�ht + 1

;
�h2t

(�ht + 1)

�
(33)

doubly truncated so that it remains within the following bounds:

("t � 
)2 =
ht+1 � ! � �ht

�
=

=
��1 (ht+2 � !)� ! � �ht

�
=

=
ht+2 � ! � �! � �2ht

��
)

"
new

t 2

24
 �
s
ht+2 � ! � �! � �2ht

��
; 
 +

s
ht+2 � ! � �! � �2ht

��

35
"
new

t 2 [
 � lt; 
 + lt]

where

lt =

s
ht+2 � ! � �! � �2ht

��
(34)

using an inverse transform method and then compute

h
new

t+1 = ! + � ("newt � 
)2 + �ht

which in turn implies a real value for dnewt+1 =

q
ht+2�!��hnewt+1

� and so guarrantees

that h
new

t+1 lies within the acceptance bounds.
The inverse transform method to draw the doubly truncated Gaussian random

variable �rst draws a uniform random number

u � U (0; 1)

and then computes the following:

u = (1� u)�

0@
 � lt � rt��1ht
�ht+1q

(�ht+1)
2�h2t

ht(�ht+1)

1A+ u�
0@
 + lt � rt��1ht

�ht+1q
(�ht+1)

2�h2t
ht(�ht+1)

1A
A draw is then given by:

"newt = ��1 (u)

However, if the bounds are close to each other (the degree of truncation is
small) the extra computations involved make this method unnecesarily slow and
so we prefer to use the accept-reject method where we draw "newt =rt; ht; ' �
N
�
rt��1ht
�ht+1

;
�h2t

(�ht+1)

�
and accept the draw if 
 � lt � "newt � 
 + lt and other-

wise we repeat the drawing (this method is ine¢ cient if the truncation lies in the
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tails of the distribution). It may be worth assesing the degree of truncation �rst,
and depending on its tightness, choose one simulation method or the other.
The conditional density of "newt will be given according to the de�nition of a

truncated normal distribution:

p
�
"newt =

���"newt � 

��� � lt; rt; ht; '

�
=

1
p
vt=rt;ht

'

 
"newt � "t=rr;htp

vt=rt;ht

!
�

�
"
�

 

 + lt � "t=rr;htp

vt=rt;ht

!
� �

 

 � lt � "t=rr;htp

vt=rt;ht

!#�1
where � (:) is the cdf of the standard normal.
By using the change of variable formula we have that the density of h

new

t+1 will
be:

p
�
h
new

t+1=h
new

t+1 2
�
! + �ht; �

�1 (ht+2 � !)
�
; rt; ht; '

�
=

c
new

t

j2�dnewt j �
"
�

 

 + lt � "t=rr;htp

vt=rt;ht

!
� �

 

 � lt � "t=rr;htp

vt=rt;ht

!#�1
Using Bayes theorem we have that the acceptance probability will be:

min

 
1;
p
�
ht+2=h

new
t+1 ; rt+1; '

�
p
�
rt+1=h

new

t+1; '
�

p
�
rt+1=hrt+1; '

�
p
�
ht+2=h

r

t+1; rt+1; '
� !

Since the degree of truncation is same for old and new the acceptance proba-
bility will be:

min

 
1;
p
�
rt+1=h

new

t+1

�
p
�
rt+1=hrt+1

� cnewt+1

c
r

t+1

drt+1
d
new

t+1

!
(35)

where p (rt+1=ht+1) is a mixture of two univariate normal densities so:

rt+1=ht+1 � N (�1ht+1; ht+1 (ht+1�+ 1))

Hence:

p
�
rt+1jhrt+1

�
=

1q
2�
�
�hrt+1 + 1

�
hrt+1

exp

 
�
�
rt+1 � �1hrt+1

�2
2
�
�hrt+1 + 1

�
hrt+1

!

and the acceptance probability becomes:

min

"
1;

�
hrt+1
hnewt+1

� 3
2
p
hrt+2 � ! � �hrt+1p
hrt+2 � ! � �hnewt+1

�
�
hnewt+1

�
�
�
hrt+1

� # (36)
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where

�
�
hit+1

�
= exp

24� �
rt+1 � �1hit+1

�2
2
�
�hit+1 + 1

�
hit+1

�
�hit+1 + 1

2�
�
hit+1

�2
0@ �


 � rt+1��1hit+1
�hit+1+1

�2
+
hrt+2�!��h

i
t+1

�

1A35(37)

�

26641 + exp
�
2
�hit+1+1

�(hit+1)
2

�

 � rt+1��1hit+1

�hit+1+1

�q
hrt+2�!��hit+1

�

�
exp

�
�hit+1+1

�(hit+1)
2

�

 � rt+1��1hit+1

�hit+1+1

�q
hrt+2�!��hit+1

�

�
3775

Overall the MCMC of fht+1g =r; ' includes the following steps:
(1)Specify an initial value

�
h(0)

	
(2)Repeat for r=1,...,M

(a) Repeat for t=0,..,T-1
(i) Use an inverse transform method to simulate

"newt =rt; ht; ' � N

�
rt � �1ht
�ht + 1

;
�h2t

(�ht + 1)

�
doubly truncated

(ii)Calculate h
new0

t+1 = ! + � ("ct � 
)
2
+ �ht

Steps (2)(a)(i) and (2)(a)(ii) are equivalent to draw

(ht+1)
new

� p
�
h
new

t+1=rt; ht; '
�

appropriately truncated
(iii)Calculate

�r = min

"
1;
p
�
rt+1=h

new

t+1

�
p
�
rt+1=hrt+1

� cnewt+1

c
r

t+1

drt+1
d
new

t+1

#
(iii)Set

(ht+1)
r+1

=

�
(ht+1)

new

if Unif (0; 1) � �r
(ht+1)

r
otherwise

�
Everytime we change ht+1 we calculate only one normal density since the trans-

formation is Markovian and since t = 0; :::; T � 1 we need O (T ) calculations.
Notice that if we retain hnewt+1 , then "

new
t is retained and we will not need to

simulate st at a later stage. In fact we only need to simulate st at t = T since we
need to know "T :The �nal step involves computing:

�
(i)
t+1 =

�
rt+1 � "(i)t+1

�
=h

(i)
t+1; t = 0; ::; T � 1 and i = 1; ::;M

Using all the above simulated values we may now take average of simulations
and compute the quantities needed for the SEM algortithm. As for the Bayesian
inference, having completed Step (ii) we may now proceed to the Gibbs-sampling
and M-H steps to obtain draws from the required posterior density. Thus, the �rst
order Markov transformation of the model made feasible a MCMC algorithm which
allows the calculation of a classical estimator via the simulated EM algorithm and
a simulation-based Bayesian inference in O (T ) computational operations.
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5. EMPIRICAL APPLICATION

In this section we investigate the practical performance of the procedures de-
scribed above. To do this, we use weekly excess returns from three major stock
markets: Dow-Jones, FTSE and Nikkei for the period 1979:8 to 2008:5 (1500 ob-
servations). We take Monday as the �rst day after Friday
Before applying either the classical or Bayesian estimation procedures, we should

talk a littile bit about the identi�cation issues of our model. More speci�cally, to
avoid the identi�cation problem we set the unconditional variance of "t equal to
one. This implies that the constant term is set to ! = 1� � � � � �
2 and so we
have to estimate now �ve parameters instead of six. This implies that E (ht) = 1
and ! � 0 as long as � + � < 1 and 
 is not too large. In particular, we use the
reparameterization �+� = sin2 ( �1) and �= (�+ �) =  2 = sin

2 ( �2) to guarantee
0 � � � 1 � � � 1. In addition, we set 
 = [(1� �� �) =�]1=2 sin ( �3) to ensure
! � 0 and E (ht) = 1. However, the performance of the Gibbs sampler can be very
sensitive to the normalization choice and so we also used some accept-reject method
for the Bayesian inference. This means that when drawing from the posterior (as
well as from the prior) we had to ensure that �; � > 0; �+ � < 1 and ! � 0.
In order to implement our proposed Bayesian approach, we �rst have to specify

the hyperparameters that characterize the prior distributions of the parameters. In
this respect, our aim was to use informative priors that would be in accordance
with the �received wisdom�. In particular, we set the prior mean for �1 equal to
0:01 which implies average excess returns (%) 0:52 on a yearly basis. Similarly,
we choose for � for all stock markets prior mean of 0:88 which is centered around
typical values estimated usually with weekly data For a we decided to set the
prior mean equal to 0:05 for the DowJones, equal to 0:01 for the Nikkei and 0:1
for the FTSE which are also centered around typical values. In order to diminish
the impact of the prior on the joint posterior, we use rather vague priors by setting
the prior variance of the skedastic function�s parameters a and � to 1000. We do
not take any ex ante view on the sign of asymmetry e¤ect by imposing a normal
prior with zero mean and variance 300 for all stock markets. For the variance of the
in-mean variable we use a standard inverted gamma prior with hyperparameters
set to v = 80 and s2 = 0:5. which imply that E (�) = 2:05. Finally, we have
to decide on q. One attractive possibility is to set its inverse to T , where T is
a scalar. Such a choice for q is compatible with the usual interpretation that a
conjugate prior can be viewed as the posterior distribution that could have been
obtained from a �ctitious sample from the same population (see e.g. Poirier, 1995).
Thus, T could be interpreted as the number of observations, or more precisely,
the degrees of freedom in the �ctitious sample. For that reason, we also set T to
80 and this implies that q = 0:0125. Thus, the prior standard deviation of �1 is
0:025. In any case, we performed a sensitivity analysis with respect to the variance
hyperparameters and con�rmed that our initial choice is vague enough and does
not introduce signi�cant information in our estimation.
We run a chain for 100; 000 simulations for the three datasets and decided to

use every tenth point, instead of all points, in the sample path to avoid strong
serial correlation. The posterior statisitcs for the DowJones, Nikkei and FTSE are
reported in Table 1.

Table 1:Bayesian inference results
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Dow Jones PM PSD �0:5 �min �max IF
�1 0.019 0.019 0.019 -0.049 0.150 5.031
� 2.709 0.132 2.704 2.099 3.301 4.146
� 0.057 0.008 0.059 0.01 0.065 623.738
� 0.721 0.035 0.720 0.582 0.909 61.977

 1.377 0.352 1.350 -2.229 3.713 114.101
FTSE PM PSD �0:5 �min �max IF
�1 0.003 0.020 0.003 -0.075 0.086 19.691
� 2.472 0.120 2.467 2.040 3.265 14.842
� 0.071 0.024 0.081 0.011 0.089 625.5
� 0.752 0.046 0.753 0.624 0.891 251.0

 1.324 0.943 0.869 0.031 3.720 357.8
Nikkei PM PSD �0:5 �min �max IF
�1 0.060 0.019 0.060 -0.009 0.122 11.334
� 3.113 0.137 3.109 2.643 3.804 60.2
� 0.012 0.002 0.012 0.007 0.016 829.441
� 0.811 0.014 0.810 0.789 0.856 745.525

 3.883 0.329 3.800 2.436 4.424 562.4

Note:PM denotes posterior mean, PSD posterior standard deviation, �0:5
posterior median, �min posterior minimum, �max posterior maximum and IF

ine¢ ciency factor.1

In all cases, there is a large positive assymetry e¤ect and the price of risk
coe¢ cient is also positive. Ine¢ ciency factors where calculated using a Parzen
window equal to 0:1M . Figures 1,2,3 show the kernel density estimates for all
parameters for all datasets both for the posterior and the prior distribution. We
used a canonical Epanechnikov kernel and the optimal bandwindth was determined
automatically by the data.

Figure 1:DowJones: Posterior and prior density estimates

�1 �

1That is, the ratio of the variance of the sample mean of the drawings to the variance of the
drawings divided by the number of replications.
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Figure 2:FTSE: Posterior and prior density estimates

�1 �
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Figure 3:Nikkei:Posterior and prior density estimates

�1 �
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For the simulated EM algorithm, we decided to set all initial parameter val-
ues to their bayesian posterior means shown above. Hence, for example for the
DowJones we set �1 = 0:019; � = 2:709, the asymmetry parameter 
 to 1:377 and
the GARCH parameters �; � to 0:057 and 0:721 respectively. Importantly, the nu-
merical maximization with respect to the underlying parameters  �1;  

�
2;  

�
3; �1 and

� was performed every single iteration. Note that in order to maximize at each EM
iteration, we must mantain the latest simulated values constant and we must also
mantain the underlying random drawings constant across EM iterations in order
to allow the algorithm to converge (Nielsen, 2000).
Table 2 shows the parameter estimates using the simulated EM algorithm de-

scribed above for the three datasets If we use the posterior means of the parameters
reported in Tables 1 as point estimates, our results suggest that the Bayesian and
classical procedures are quite in agreement.

Table 2: SEM estimate results
�1 � � � 


DowJones 0.021 2.708 0.058 0.722 1.366
Ftse 0.009 2.425 0.070 0.751 1.330
Nikkei 0.052 3.124 0.013 0.814 3.616
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Figure 4 shows also the density estimate of
n
�
(i)
426

o900;000
i=1

and
n
h
(i)
426

o900;000
i=1

for

the DowJones. These are the simulated values obtained for the in mean process
and the conditional variance for the 426th observation which corresponds to the
third week of October 1987. As it is widely known this is just the week beggining
with Black Monday, which refers to Monday, October 19, 1987, when stock markets
around the world crashed, shedding a huge value in a very short time. On that day,
the Dow Jones Industrial Average (DJIA) dropped by 508 points to 1739 (22.6%)
and this decline was the largest one-day percentage decline in stock market history.
On Friday, October 16, the DJIA closed at 2246.74 on record volume. As expected
this dramatic event is illustrated in our Figures as well as in Table 3 where the
posterior statistics are presented. The price of risk, as given from the posterior
mean, is negative with a quite high posterior standard deviation. Moreover, the
conditional variance is high indicating the presence of a large negative innovation.
The October 1987 crash was unusual in many ways. It was characterized by the
largest one-day drop in the history of stock markets indices since 1985, followed by
a dramatic jump in stock volatility. Both these characteristics are captured by our
estimation results.

Figure 4: DowJones: Density estimate of simulated � and h in 3rd week of
Oct.1987

Table 3:DowJones:Posterior statistics for simulated � and h in 3rd week of
Oct.1987

DowJones PM PSD PMD Min Max IF
� -3.907 0.772 -3.869 -8.483 -1.341 7.723
h 3.229 0.577 3.168 1.500 6.956 9.879

Note:PM denotes posterior mean, PSD posterior standard deviation, PMD
posterior median, Min minimum value, Max maximum value and IF ine¢ ciency

factor

Finally, Figures 5 and 6 show the average �t and ht over the 900; 000 simulations
for illustrative reasons. This means that we have taken the average over simulations
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for every t where t = 1; ::; 1500. The largest average value for ht corresponds to
t = 476 and one of the most negative average value for �t is again for the same
date.

Figure 5:DowJones: Average over 900,000 simulations of �t

Figure 6:DowJones: Average over 900,000 simulations of ht

24



6. CONCLUSIONS

We derive exact likelihood based estimators for our time-varying GQARCH(1,1)-
M model. Since in general the expression for the likelihood function is unknown,
we resort to simulation methods. In this context, we show that MCMC likelihood-
based estimation of such a model can in fact be handled by means of feasible O (T )
algorithms. Our samplers involve two main steps. First we augment the state
vector to achieve a �rst-order Markovian process in an analogous manner to the
way in which GARCH models are simulated in practice. Then, we discuss how
to simulate �rst the conditional variance and then the sign given these simulated
series so that the unobserved in mean process is revealed as a residual term. We
also develop simulation-based Bayesian inference procedures by combining within
a Gibbs sampler the MCMC simulators.
In order to investigate the practical performance of the proposed procedure, we

estimate both classicaly and within a Bayesian context, a GQARCH(1,1)-M model
for weekly excess stock returns from the Dow-Jones, Nikkei and FTSE index.
Although we have developed the method within the context of normally distrib-

uted time-varying price of risk it applies much more widely. For example, we could
assume that the market price of risk is a Bernoulli process or a Markov switching
process. A Bernoulli distributed price of risk would allow a negative third moment
by appropriately choosing the two values of the in-mean process. However, we
prefered to assume normality for computational simplicity.
Finally, it is known that (eg.Tanner, 1996, pp. 84-85) that the EM algorithm

slows down signi�cantly in the neighborhood of the optimum. As a result, after
some initial EM iterations it is tempting to switch to a derivative based optimiza-
tion routine, which is more likely to quickly converge to the maximum. EM type
arguments can be used to facilitate this switch by allowing the computation of the
score. In particular, it is easy to see that:

E

�
@ ln p (�hjr; ';F0)

@'
jr; '(n);F0

�
= 0

so it is clear that the score can be obtained as the expected value given r; ';F0 of
the sum of the unobservable scores corresponding to ln p (rj�h; ';F0) and ln p (�hj';F0) :

APPENDIX A: PROOFS

Proof of 4

E (�thtjFt�1) = �1ht

V (�thtjFt�1) = �h2t

and
E (rtj�tht;Ft�1) = �tht

V (rtj�tht;Ft�1) = ht

Proof of 33
This comes from the fact that:

rt = �tht + "t
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where
rtjht � N (�1ht; (�ht + 1)ht)

and consequently,�
"t
rt

�
jht � N

��
0

�1ht

�
;

�
ht ht
ht (�ht + 1)ht

��
and thus from the de�nition of the bivariate normal:

E ("tjrt; ht) = 0 + ht ((�ht + 1)ht)�1 (rt � �1ht) =
rt � �1ht
�ht + 1

V ar ("tjrt; ht) = ht � ht ((�ht + 1)ht)�1 ht = ht �
ht

�ht + 1
=

=
�h2t + ht � ht

�ht + 1
=

�h2t
(�ht + 1)

"tjrt; ht; ' � N

�
rt � �1ht
�ht + 1

;
�h2t

(�ht + 1)

�
Proof of 34
This may be shown by:

ht+1 � ht+2 � !
�

)

! + � ("t � 
)2 + �ht � ht+2 � !
�

)

� ("t � 
)2 � ht+2 � !
�

� ! � �ht )

("t � 
)2 � ht+2 � ! � !� � �2ht
��

)

j("t � 
)j �

s
ht+2 � ! � !� � �2ht

��
)s

ht+2 � ! � !� � �2ht
��

� ("t � 
) �

s
ht+2 � ! � !� � �2ht

��
)


 �

s
ht+2 � ! � !� � �2ht

��
� "t � 
 +

s
ht+2 � ! � !� � �2ht

��
)


 � lt � "t � 
 + lt

Proof of 36
We have that

p
�
rt+1jhrt+1

�
=

1q
2�
�
�hrt+1 + 1

�
hrt+1

exp

 
�
�
rt+1 � �1hrt+1

�2
2
�
�hrt+1 + 1

�
hrt+1

!
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and

p
�
rt+1jhnewt+1

�
p
�
rt+1jhrt+1

� =
q�

�hrt+1 + 1
�
hrt+1q�

�hnewt+1 + 1
�
hnewt+1

exp

 �
rt+1 � �1hrt+1

�2
2
�
�hrt+1 + 1

�
hrt+1

�
�
rt+1 � �1hnewt+1

�2
2
�
�hnewt+1 + 1

�
hnewt+1

!

Also:

drt+1 =

r
hrt+2 � ! � �hrt+1

�
;

drt+1
dnewt+1

=

p
hrt+2 � ! � �hrt+1p
hrt+2 � ! � �hnewt+1

and

crt+1 =

p
�hrt+1 + 1p
2��hrt+1

266664
exp

 
� 1
2

(�hrt+1+1)
�(hrt+1)

2

�

 +

q
hrt+2�!��hrt+1

� � rt+1��1hrt+1
�hrt+1+1

�2!

+exp

 
� 1
2

(�hrt+1+1)
�(hrt+1)

2

�

 �

q
hrt+2�!��hrt+1

� � rt+1��1hrt+1
�hrt+1+1

�2!
377775

cnewt+1

crt+1
=

hrt+1
p
�hnewt+1 + 1

266664
exp

 
� 1
2

(�hnewt+1 +1)
�(hnewt+1 )

2

�

 +

q
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+exp
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hnewt+1

p
�hrt+1 + 1
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exp

 
� 1
2
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�(hrt+1)

2
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q
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2
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 �
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So the result comes straightforward.
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